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Motivated by a desire to express in closed form a certain potential occurring in
the study of diffraction of a plane electromagnetic wave by a wedge, Miller and
Exton developed computable expressions for a large class of Sonine-Gegenbauer
type integrals. In the present paper one of these integrals, given previously in terms
of generalized hypergeometric functions in three variables, is now obtained in
terms of hypergeometric functions in two variables, thereby much reducing the
complexity of the representation. In the course of this investigation certain identi-
ties involving Srivastava's F 3.-function, Kampe de Feriet functions, and WrightÂ Â
functions are deduced. In addition, evaluations of integrals of Bessel functions
related to the above analysis are provided. Q 1996 Academic Press, Inc.
1. INTRODUCTION
w xIn 1 Miller and Exton developed representations in terms of multiple
hypergeometric functions for certain complete and incomplete Sonine-
Gegenbauer type integrals whose integrands contain either Bessel func-
 .  .  .tions J ? , I ? or the Neumann function Y ? . The latter work wasn n n
motivated by a desire to express in closed form a certain potential
 .heretofore computed asymptotically occurring in the study of diffraction
of a plane electromagnetic wave by a wedge. In particular, it was shown for
b ) 0, 0 - a - 1, yRe m - Re n - 1 that
2 2’Y b q t`  /n1ymt J a t dt .H nm
2 20 ’b q t /
m 2 2cos pn G 1 y n ar2 a b .  .  .
2s J 1, 1 y n ; 1 q m ; a ,2ny1 G 1 q m p 42  .
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m2yn1 b ar2 .
y
2 1 y n G 1 q m .
=
2 2 2 2 2ya b yb a b
3.Y b F A m , n , 1 ; , , .  .n 4 4 4
2 2 2 2 2b ya b yb a b
3.y Y b F A m , n , 2 ; , , , 1.1 .  .  .ny1 52 4 4 4
< < < < < <where for x , y , z - `
3.F A m , n , l ; x , y , z .
:: ; ; : 1 y n , 1; 1; ;3.' F x , y , z .
:: l, 2 y n ; ; 1 q m : ; ; ;
3.w xThe hypergeometric function in three variables F x, y, z was first
 wdefined by H. M. Srivastava who introduced it in 1967 see, e.g., 2, p. 69; 3,
x. w xp. 108 . The confluent Appell function J a , b ; g ; x, y defined by P.2
w xHumbert in 1920 is discussed, for example, in 2, p. 58 and is just a special
case of the Kampe de Feriet function which is a hypergeometric functionÂ Â
< < < <in two variables; thus for x - 1, y - `
: a , b ; ;0: 2; 0w xJ a , b ; g ; x , y s F x , y . 1.2 .2 1: 0; 0 g : ; ;
In the present paper we shall show that the Sonine-Gegenbauer type
 .integral in Eq. 1.1 may be written more simply entirely in terms of
generalized hypergeometric functions in two variables by employing either
Wright functions or Kampe de Feriet functions. Before we can do this,Â Â
however, we shall have to derive several hypergeometric identities which
are interesting in their own right. In addition, in Section 5 we shall derive
an integral representation for the Wright function associated with this
integral.
2. HYPERGEOMETRIC IDENTITIES
For brevity we define
` ` m na b s t .  .mq n mqnw xW a , b ; g , d ; s, t ' , 
g d m! n! .  .mq 2 n nms0 ns0
< < < <s - 1, t - `
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and
` ` m na b s t .  .mq n n
< < < <w xM a , b ; g , d ; s, t ' , s - `, t - 1. 
g d m! n! .  .mq n mms0 ns0
w xThe function W a , b ; g , d ; s, t is a special case of the generalized Wright
 w x .function in two variables see 2, p. 64 for further details and references .
w xThe function M a , b ; g , d ; s, t is a Kampe de Feriet function; thusÂ Â
a : ; b ;1: 0; 1w xM a , b ; g , d ; s, t s F s, t .1: 1; 0 g : d ; ;
The importance of the latter Kampe de Feriet function and the reason itÂ Â
has already been identified with a name lies in the fact that it is associated
 w xwith incomplete integrals of cylindrical functions see 4]7 for further
.details and properties of M .
w xWe show now that the Wright function W a , b ; g , d ; s, t may be
written essentially as the sum of two Kampe de Feriet functions. By notingÂ Â
 .Eq. 2.4 below it is easy to show that
n` a b t .  . a q n , b q n;n nw xW a , b ; g , d ; s, t s F s ; 2 1 g q 2n;g d n! .  .2 n nns0
and using a linear transformation for the Gaussian hypergeometric func-
 w x.tion F see, e.g., 8, p. 70, Example 15 we easily obtain after a little2 1
computation
w xW a , b ; g , d ; s, t
 .  .G g G g y a y b
s
 .  .G g y a G g y b
a , b : ; ;
2: 0; 0=F 1 y s, t0: 1; 3 : a q b y g q 1; d , g y a , g y b ;
 .  .G g G a q b y g
gyayb .q 1 y s
 .  .G a G b
g y a , g y b : ; ;
2: 0; 0=F 1 y s, t ,0: 1; 3 : g y a y b q 1; d , g y a , g y b ;
2.1 .
< < < < < <where s - 1, 1 y s - 1, t - `. Thus incidentally, by setting t s 0 we
may retrieve the transformation identity involving F used to derive Eq.2 1
 .2.1 .
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< < < <Next, we show for x - `, y - 1 that
` mx
w x w xW a , b ; g , a ; y , yxy s M a , b ; g q m , a ; yx , y .
g m! . mms0
2.2 .
 .Calling the right-hand side of Eq. 2.2 S and using the definition of M we
have
nm p` ` `x a b yx y .  .  .nqp p
S s . 2.3 .  
g m! g q m a n! p! .  .  .nqpm nms0 ns0 ps0
Interchanging the first and third summations and noting the elementary
identities
a s a a q p .  .  .nqp p n
2.4 .g . p
g q m s g q p .  .nqp mqn
g . m
gives
p` a b y .  . : ; a q p;p p 0:0;1S s F x , yx . 1:0;1 g q p: ; a ;g p! . pps0
w  .x p: 0; 1w xBy using a reduction formula 9, p. 31, Eq. 45 for F x, yx the latterq: 0; 1
w xKampe de Feriet function reduces to F yp; g q p, a ; x . Thus we haveÂ Â 1 2
by employing series rearrangement
p p k` a b y yp x .  .  .p p k
S s  
g p! g q p a k! .  .  .p k kps0 ks0
` ` pqk ka b y yp y k x .  .  .pqk pqk ks . 
g p q k ! g q p q k a k! .  .  .  .pqk k kps0 ks0
Finally, observing the easily shown identities
kyp y k s y1 p q k !rp! .  .  .k
g q p q k s g r g .  .  .pq2 k pqkk
we deduce
kp` ` a b y yxy .  .  .pqk pqk
S s  
g a p! k! .  .pq2 k kps0 ks0
 .which is just the left-hand side of Eq. 2.2 .
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 .Writing Eq. 2.3 as
nm p` ` ` a b x yx y .  .  .nqp pw xW a , b ; g , a ; y , yxy s   
g a m! n! p! .  .mq nqp nms0 ns0 ps0
 .and setting s s y, t s yxy, d s a in Eq. 2.1 yields the corollary
} :: ; a ; : ; ; b ;
3.F x , yx , y
g :: ; ; : ; a ; ;
 .  .G g G g y a y b
s
 .  .G g y a G g y b
a , b : ; ;
2: 0; 0=F 1 y y , yxy0: 1; 3 : a q b y g q 1; a , g y a , g y b ;
 .  .G g G a q b y g
gyayb .q 1 y y
 .  .G a G b
g y a , g y b : ; ;
2: 0; 0=F 1 y y , yxy ,0: 1; 3 : g y a y b q 1; a , g y a , g y b ;
< < < < < <where y - 1, 1 y y - 1, x - `.
3. NEW EVALUATION OF THE INTEGRAL
 .We shall show in this section that the right-hand side of Eq. 1.1 may be
written much more simply in terms of generalized hypergeometric func-
  . .tions in two variables cf. Eq. 3.7 below .
w xTo this end, we note that in 1 we showed
2 2’Y b q t`  /n1ymt J a t dt .H nm
2 20 ’b q t /
m2` `ab r2 .
1ymynyms s Y s J a s ds .  . H n mqmm! 0ms0
m2` ab r2 . b 1ymynymy s Y s J a s ds, 3.1 .  .  . H n mqmm! 0ms0
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 .where 0 - Re m q n , b ) 0. When 0 - a - 1, the first sum may be
 w x .evaluated see 1, Sect. 6 for more details and is equal to the term in Eq.
 .1.1 containing the confluent Appell function J . Thus2
m2` `ab r2 .
1ymynyms Y s J a s ds .  . H n mqmm! 0ms0
m 2 2cos pn G 1 y n ar2 a b .  .  .
2s J 1, 1 y n ; 1 q m ; a , .2ny1 G 1 q m p 42  .
3.2 .
Defining
m2` ab r2 . b 1ymynymT ' s Y s J a s ds .  . H n mqmm! 0ms0
and noting that
m
zr2 .
2J z s F y; 1 q m ; yz r4 3.3 .  .m 0 1G 1 q m .
we obtain
m nm 2 2 2` `ar2 a b r4 ya r4 1 .  .  .
T s  
G 1 q m m! n! 1 q m .  . mq nms0 ns0
=
b 1ynq2 ns Y s ds. .H n
0
w  .xThe latter integral may be evaluated by using 10, p. 87, Eq. 10 together
w  .xwith well known recurrence relations for Lommel 10, p. 75, Eq. 4 and
w  .xNeumann functions 10, p. 28, Eq. 2 . We omit the details and give the
< <result for n a nonnegative integer, Re n - 1, arg b - p :
b 1ynq2 ns Y s ds .H n
0
ny1 .
1ynq2 ns 2 cos pn G 1 q n G 1 y n q n .  .  .
p
ynq2 n 2q 2 n y n b Y b F 1, yn , 1 q n y n; y; y4rb .  .n 3 0
1ynq2 n 2q b Y b F 1, yn , n y n; y; y4rb . .nq1 3 0
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We should remark that this equation may not be obtained directly from
w  .xthe almost identical result given previously in 7, Eq. 2.6 .
Thus by using the latter in the above expression for T and noting Eq.
 .1.2 we obtain for Re n - 1, 0 - a - 1
m 2 2cos pn G 1 y n ar2 a b .  .  .
2T s J 1, 1 y n ; 1 q m ; a ,2ny1 G 1 q m p 42  .
m
ar2 . ynq 2 b Y b .nG 1 q m .
=
m n2 2 2 2` a b r4 ya b r4 n y n .  .
 m! n! 1 q m . mq nm , ns0
y4
= F 1, yn , 1 q n y n; y;3 0 2b
m
ar2 .
1ynq b Y b .nq1G 1 q m .
=
m n2 2 2 2` a b r4 ya b r4 1 .  .
 m! n! 1 q m . mq nm , ns0
y4
= F 1, yn , n y n; y; .3 0 2b
 .  .Writing n y n s yn 1 y n r yn the left-hand side of which appearsn n
 .  .in the first double sum, we obtain from Eqs. 3.1 , 3.2 and the above
result
2 2’Y b q t`  /n1ymt J a t dt .H nm
2 20 ’b q t /
m
ar2 . yns 2n b Y b .nG 1 q m .
=
m n2 2 2 2` a b r4 ya b r4 1 y n . .  . n m! n! yn 1 q m .  .n mqnm , ns0
y4
= F 1, yn , 1 q n y n; y;3 0 2b
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m
ar2 .
1yny b Y b .nq1G 1 q m .
=
m n2 2 2 2` a b r4 ya b r4 1 .  .
 m! n! 1 q m . mq nm , ns0
y4
= F 1, yn , n y n; y; , 3.4 .3 0 2b
where b ) 0, 0 - a - 1, yRe m - Re n - 1.
 .Calling the first and second double sums in Eq. 3.4 , respectively, S1
 .and S and noting Eq. 2.4 , we write2
m n2 2 2 2` `a b r4 1 y n ya b r4 . .  .n
S s  1 1 q m m! yn 1 q m q m n! .  .  .m n nms0 ns0
y4
= F 1, yn , 1 q n y n; y;3 0 2b
and
m n2 2 2 2` `a b r4 1 ya b r4 .  .
S s  2 1 q m m! 1 q m q m n! .  .m nms0 ns0
y4
= F 1, yn , n y n; y; .3 0 2b
w  .xIn 4, Eq. 10 it is shown that
` nj x . nw x w xM j , h ; g , d ; x , tx s F h , yn , 1 y d y n; y; t 3 0g d n! .  .n nns0
so that on setting t s y4rb 2, x s ya 2b 2r4, j s 1 y n , h s 1, g s 1 q
m q m, and respectively, d s yn , 1 y n we obtain
m2 2 2 2` a b r4 ya b .
2S s M 1 y n , 1; 1 q m q m , yn ; , a1 1 q m m! 4 . mms0
and
m2 2 2 2` a b r4 ya b .
2S s M 1 y n , 1; 1 q m q m , 1 y n ; , a .2 1 q m m! 4 . mms0
3.5 .
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It is easily shown directly from the definition of the Kampe de FerietÂ Â
function M that
w xM j q 1, 1; g , j ; s, t
g y 1 1
w x w xs M j , 1; g y 1, j ; s, t y F y; g y 1; s . .0 1j t
Thus setting j s yn , g s 1 q m q m we have
m2 2` a b r4 .
S s 1 1 q m m! . mms0
=
2 2m q m ya b
F y; m q m;0 12  4na
2 2ya b
2yM yn , 1; m q m , yn ; , a 5/4
m n2 2 2 2` `m a b r4 ya b r4 .  .
s  2  m m!n!na  . mq nms0 ns0
m2 2 2 2` a b r4 ya b .
2y M yn , 1; m q m , yn ; , a . /m m! 4 . mms0
It is not hard to see that the above double sum reduces to unity see, e.g.,
w  .x.9, p. 28, Eq. 30 so that
m2 2 2 2`m a b r4 ya b .
2S s 1 y M yn , 1; m q m , yn ; , a .1 2  /m m! 4na  . mms0
3.6 .
 .Next, applying the theorem embodied in Eq. 2.2 to the m-summations
 .  .in Eqs. 3.5 and 3.6 gives
4 2m ya b
2S s 1 y W yn , 1; m , yn ; a ,1 2  /4na
and
4 2ya b
2S s W 1 y n , 1; 1 q m , 1 y n ; a , .2 4
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 .Thus, combining these results with Eq. 3.4 we have finally
2 2’Y b q t`  /n1ymt J a t dt .H nm
2 20 ’b q t /
m 4 22 ar2 Y b ya b .  .n 2s 1 y W yn , 1; m , yn ; a ,
n2  /G m b 4a  .
m 4 2ar2 Y b ya b .  .nq1 2y W 1 y n , 1; 1 q m , 1 y n ; a , ,
ny1G 1 q m 4b .
3.7 .
where b ) 0, 0 - a - 1, yRe m - Re n - 1.
As we shall see later in Section 4 the case n s 0 is of interest. Although
 .the integral in Eq. 3.7 exists in this case when Re m ) 0, the function
w 2 4 2 xW yn , 1; m, yn ; a , ya b r4 apparently does not. However, noting the
easily shown result
by
w x w xlim W a, b; c, a; x , y s 1 q W 1, b q 1; c q 2, 2; x , y
c c q 1aª0  .
we deduce for b ) 0, 0 - a - 1, Re m ) 0
`
1ym 2 2’t J a t Y b q t dt .H  /m 0
0
m2 4 2a ar2 ya b .
2 2s b Y b W 1, 2; 2 q m , 2; a , .02G 2 q m 4 .
m 4 2ar2 ya b .
2y b Y b W 1, 1; 1 q m , 1; a , . 3.8 .  .1G 1 q m 4 .
 .  .The Wright functions appearing in Eqs. 3.7 and 3.8 may be written in
 .terms of Kampe de Feriet functions by using Eq. 2.1 . Thus for exampleÂ Â
w xW yn , 1; m , yn ; x , y
m y 1 yn , 1: ; ;2: 0; 0s F 1 y x , y0: 1; 3 : 2 y m y n ; m y 1, yn , m q n ;mqny1
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 .  .G m G 1 y m y n
mqny1 .q 1 y x
 .G yn
m y 1, m q n : ; ;2: 0; 0=F 1 y x , y ;0: 1; 3 : m q n ; m y 1, yn , m q n ;
w xW 1 y n , 1; 1 q m , 1 y n ; x , y
m 1 y n , 1: ; ;2: 0; 0s F 1 y x , y0: 1; 3 : 2 y m y n ; m , 1 y n , m q n ;m q n y 1
 .  .G 1 q m G 1 y m y n
mqny1 .q 1 y x
 .G 1 y n
m q n , m : ; ;2: 0; 0=F 1 y x , y .0: 1; 3 : m q n ; m , 1 y n , m q n ;
4. A SPECIAL CASE
 .  . ’Setting m s 1r2 in Eq. 3.8 and noting that J z s 2rp z sin z1r2
gives for 0 - a - 1, b ) 0
`
2 2’sin a t Y b q t dt .H  /0
0
3 4 2a 5 ya b
2 2s b Y b W 1, 2; , 2; a , .03 2 4
4 23 ya b
2y ab Y b W 1, 1; , 1; a , . 4.1 .  .1 2 4
In addition, it is well known that for 0 - a - 1, b ) 0
2’` sin b 1 y a .2 2’cos a t Y b q t dt s . 4.2 .  .H  /0 2’0 1 y a
 .  .Both Eqs. 4.1 and 4.2 are useful, for example, in representing a certain
potential which arises in studying diffraction of a plane electromagnetic
 w x .wave by a wedge see 1, Sect. 8 for further details and references .
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Because of the relative importance of the penultimate result we record
also the integral in terms of Kampe de Feriet functions,Â Â
`
2 2’ .sin a t Y b q t dt .H 0
0
p 1
3 2  .s a b Y b0  24 ’1 y a
4 2ya b1r2, 3r2: ; ;2: 0; 0 2=F 1 y a ,0: 1; 3 : 1r2; 1r2, 3r2, 2; 4
4 2ya b1, 2: ; ;2: 0; 0 2yF 1 y a ,0: 1; 3 /: 3r2; 1r2, 3r2, 2; 4
p 1
 .yab Y b1  22 ’1 y a
4 2ya b1r2, 1r2: ; ;2: 0; 0 2=F 1 y a ,0: 1; 3 : 1r2; 1r2, 1r2, 1; 4
4 2ya b1, 1: ; ;2: 0; 0 2yF 1 y a , , 4.3 .0: 1; 3 /: 3r2; 1r2, 1r2, 1; 4
where 0 - a - 1, b ) 0.
5. INTEGRAL REPRESENTATION FOR THE
WRIGHT FUNCTION
w xIn 4 we derived an integral representation for the Kampe de FerietÂ Â
function M defined in Section 2,
G g . 1w x w xM a , b ; g , d ; x , y s F y; d ; xtH 0 1G a G g y a .  . 0
=
gyay1 ybay1t 1 y t 1 y yt dt , .  .
< < < <where Re g ) Re a ) 0 and x - `, y - 1. Hence by employing this
 .result and Eq. 2.2 we see that
w xW a , b ; g , a ; y , yxy
` mG g q m x . 1 w xs F y; a ; yxt H 0 1G a G g y a q m g m! .  .  . 0mms0
=
mq gyay1 ybay1t 1 y t 1 y yt dt. .  .
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Now interchanging the order of integration and summation we easily find
w xW a , b ; g , a ; y , yxy
G g . 1 w xs F y; g y a ; x 1 y t F y; a ; yxt .H 0 1 0 1G a G g y a .  . 0
=
gyay1 ybay1t 1 y t 1 y yt dt , .  .
< < < <where Re g ) Re a ) 0 and x - `, y - 1.
On making the transformation t s s2, replacing x by x 2r4, y by y2,
 .noting Eq. 3.3 , and
m
zr2 .
2I z s F y; 1 q m ; z r4 .m 0 1G 1 q m .
we find also that
2 2yx y
2W a , b ; g , a ; y ,
4
gy22 1 2’s 2G g I x 1 y s J xs .  . .H gyay1 ay1 /x 0
=
 . ybgyay1 r2a 2 2 2s 1 y s 1 y y s ds, 5.1 .  . .
< < < <where Re g ) Re a ) 0 and x - `, y - 1.
 .  . 2As a by-product of Eqs. 5.1 and 2.1 by letting d s a , s s y ,
2 2  .t s yx y r4 in Eq. 2.1 we deduce an incidental yet interesting integral
evaluation,
 .1 ybgyay1 r22 a 2 2 2’  .  .I x 1 y s J xs s 1 y s 1 y y s ds . .H gyay1 ay1
0
gy2  .1 x G g y a y b
s  /   .  .2 2 G g y a G g y b
2 2a , b : ; ; yx y
2: 0; 0 2=F 1 y y ,0: 1; 3 4: a q b y g q 1; a , g y a , g y b ;
 .G a q b y ggyayb2q 1 y y .
 .  .G a G b
2 2g y a , g y b : ; ; yx y
2: 0; 0 2=F 1 y y , ,0: 1; 3 /4: g y a y b q 1; a , g y a , g y b ;
< < < <where Re g ) Re a ) 0 and x - `, y - 1.
A SONINE-GEGENBAUER INTEGRAL 381
REFERENCES
1. A. R. Miller and H. Exton, Sonine-Gegenbauer type integrals, J. Comput. Appl. Math. 55
 .1994 , 289]310.
2. H. M. Srivastava and H. L. Manocha, ``A Treatise on Generating Functions,'' Ellis
Horwood, Chichester, 1984.
3. H. Exton, ``Multiple Hypergeometric Functions and Applications,'' Ellis Horwood, Chich-
ester, 1976.
4. A. R. Miller, An incomplete Lipschitz-Hankel integral of K , J. Math. Anal. Appl. 1330
 .1988 , 195]208.
 .5. A. R. Miller, A Lipschitz-Hankel integral of K , J. Franklin Inst. 325 1988 , 787]795.0
6. A. R. Miller, Incomplete Lipschitz-Hankel integrals of Macdonald functions, J. Math.
 .Anal. Appl. 145 1990 , 504]515.
7. A. R. Miller, Representations for incomplete integrals of cylindrical functions, J. Franklin
 .Inst. 328 1991 , 163]170.
8. E. D. Rainville, ``Special Functions,'' Macmillan, New York, 1960; Chelsea, New York,
1971.
9. H. M. Srivastava and P. W. Karlsson, ``Multiple Gaussian Hypergeometric Series,'' Ellis
Horwood, Chichester, 1985.
10. Y. L. Luke, ``Integrals of Bessel Functions,'' McGraw]Hill, New York, 1962.
